Abstract. We show that limit transitions from Askey-Wilson polynomials to q-Racah, little and big q-Jacobi polynomials can be made rigorous on the level of their orthogonality measures in a suitable weak sense. This allows us to derive the orthogonality relations and norm evaluations for the q-Racah polynomials, little and big q-Jacobi polynomials by taking limits in the orthogonality relations and norm evaluations for the Askey-Wilson polynomials.
Introduction
In this paper we consider three families of basic hypergeometric orthogonal polynomials as limit cases of the Askey-Wilson polynomials. The three limit cases we consider are the q-Racah polynomials, the little q-Jacobi polynomials and the big q-Jacobi polynomials. These limits are well known in the sense of pointwise convergence. We will prove these limit transitions in a suitable weak sense on the level of their orthogonality measures.
To be more precise, we show that the continuous part of the orthogonality measure of the Askey-Wilson polynomials disappears in each of the three limit transitions while the discrete part of the orthogonality measure tends to the discrete orthogonality measure of the q-Racah polynomials, the little q-Jacobi polynomials respectively the big q-Jacobi polynomials. We prove then the orthogonality relations and norm evaluations for the q-Racah polynomials, the little and the big q-Jacobi polynomials by taking limits in the orthogonality relations and norm evaluations for the Askey-Wilson polynomials.
The contents of this paper are as follows. In section 2 we introduce the AskeyWilson polynomials and state their orthogonality relations and norm evaluations.
Furthermore, we introduce the q-Racah polynomials, the little q-Jacobi polynomials and the big q-Jacobi polynomials as limits of the Askey-Wilson polynomials. In section 3, 4 respectively 5 we give new proofs of the orthogonality relations and norm evaluations for the q-Racah polynomials, little q-Jacobi polynomials respectively big q-Jacobi polynomials by proving these three limits in a suitable weak sense on the level of their orthogonality measures. In section 6 we give some concluding remarks on the methods presented in this paper.
Preliminaries
Throughout the paper we assume that q is a real number between 0 and 1. We denote the q-shifted factorials by ? a; q k := q 2n?1 abcd; q 2n abcd; q 1 ? q n+1 ; q n?1 abcd; q n ab; q n ac; q n ad; q n bc; q n bd; q n cd; q 1 :
For the proof of the orthogonality relations and norm evaluations, Askey and
Wilson AW2] used the q-Pfa -Saalsch utz sum AW2, ( Here T is the unit circle in the complex plane traversed in the counterclockwise direction, fe; f; g; hg = fa; b; c; dg (counted with multiplicity) and N e = ?1 if jej 1, respectively N e is the largest positive integer such that jeq Ne j > 1 if jej > 1.
We use here the convention that sums over empty sets are zero, so the sum in the right hand side of (4.2) We will obtain the orthogonality relations and norm evaluations for the little qJacobi polynomials by taking suitable limits in the orthogonality relations and norm evaluations (4.1). We will need some elementary limits and estimates involving qshifted factorials, which we collect in the following lemma. where k 0 is the smallest positive integer such that jbj ?1 0 q k0 < 1. Here we use the convention that an empty product is equal to 1. The estimate for jg( k )j in (c) is easily derived from (4.4), the assumptions on r; s and on the parameters u i ; v j , and from estimates similar to the estimate for M in the proof of (b). The q-gamma function ? q (z) tends to the gamma function ?(z) when q " 1.
The orthogonality relations and norm evaluations for the monic little q-Jacobi polynomials can now be stated as follows. The quadratic norms N L (n) of the monic little q-Jacobi polynomials are explicitly given by N L (n; a; b) = ? q (n + 1)? q (n + 1 + )? q (n + 1 + )? q (n + 1 + + )
? q (2n + 1 + + )? q (2n + 2 + + ) q (n+ )n ;
where b = q .
Proof. We assume throughout the proof that b 6 = 0. At the end of the proof we can remove this assumption by continuity. where the last equality follows from Lemma 4.1(b). The limits of the otherdepending factors in~ AW d;1 (i; ) can be calculated in a similar way.
Combining (2.13), (4.7), (4.8), (4.9) and (4.10) we obtain for arbitrary m; n 2 Z + , provided that we may interchange limit and summation in (4.12). We show that for generic 0 > q 1 2 it is allowed to interchange limit and summation in (4.12), which will complete the proof of the theorem. Since the weight L (q i ; a; b) are positive and the in nite sum 5. Limit to big q-Jacobi polynomials.
In this section, we prove the orthogonality relations and norm evaluations for the big q-Jacobi polynomials by extending the limit (2.16) to the level of the orthogonality measure (4.2). The methods are analogous to the little q-Jacobi polynomials case which we have treated in the previous section.
The orthogonality relations and norm evaluations for the monic big q-Jacobi polynomials can be stated as follows. where a = q , b = q . The summation formula (5.9) is a q-analogue of the beta integral which rst appeared in AA2, Theorem 1].
6. Concluding remarks.
The orthogonality relations and norm evaluations for the little q-Jacobi polynomials (cf. Theorem 4.2) can also be obtained from the orthogonality relations and norm evaluations of the big q-Jacobi polynomials (Theorem 5.1) by considering the little q-Jacobi polynomials as limit cases of the big q-Jacobi polynomials, lim d#0 P B n (z; b; a; 1; d) = P L n (z; a; b) (n 2 Z + ):
(6.1)
See K3] for details.
The proof of the orthogonality relations and norm evaluations for the q-Racah polynomials, the big and the little q-Jacobi polynomials we have presented in this paper has the advantage that summation formulas and transformation formulas for basic hypergeometric series, which were used in the original proofs of the orthogonality relations and norm evaluations, are now no longer needed. In fact, with this method, various types of summation formulas may be seen as special cases of integral type formulas. For instance the three summation formulas (3.3), (4.15) and (5.9) are obtained from the evaluation of the Askey-Wilson q-beta integral (2.2) by calculating the residues of the integrand AW c (z)=z in (2.2) and taking suitable limits.
The rst author has recently extended the methods of this paper to the multivariable setting. The orthogonality relations and norm evaluations for the multivariable q-Racah polynomials (de ned in DS]) and the multivariable big resp. little q-Jacobi polynomials (de ned in S]) can then be obtained by taking suitable limit transitions in the orthogonality relations and norm evaluations for the multivariable Askey-Wilson polynomials (de ned in M] and K1]). A paper on this subject is in preparation.
